The theory of a parametric travelling-wave amplifier is developed, including the pumping wave explicitly.
, where <xi and 0C3 are the signal-and pumping-wave attenuation coefficients. Further increase in length leads to a decrease in gain.
The second characteristic is a saturation effect at high signal levels. This is found to be associated with a spatially periodic power transfer between signal and idling waves on the one hand and pumping wave on the other. The maximum power output at the signal frequency is obtainable from the input pump power and the input signal power through the Manley-Rowe relations. (1) INTRODUCTION The theory of the travelling-wave parametric amplifier has been discussed previously by several authors. 1 " 3 The present treatment differs from previously published accounts in several respects.
LIST OF PRINCIPAL SYMBOLS
In the first place, the starting-point of previous theories is a travelling wave of distributed inductance or capacitance, whilst the present paper assumes initially a non-linear distributed capacitance excited by a travelling wave of pumping voltage. a,,a 2 , a,
=
Secondly, the effect of attenuation due to series-resistance losses associated with the capacitance is studied.
Thirdly, consideration is given to the effect of saturation at large signal levels.
A new mechanism of periodic transfer of power between the various waves is found.
(2) BASIC THEORY The practical form of travelling-wave parametric amplifier which we have in mind is a series of low-pass filter sections with non-linear shunt capacitance, provided, for example, by suitably biased silicon junction diodes. In an alternative practical arrangement, the diodes can be connected at equal intervals as shunt loads along a transmission line. A uniform coaxial line or a shielded helix are two possible forms which the transmission line could take.
The idealized form of travelling-wave parametric amplifier considered in the paper is a uniform transmission line having a constant inductance per unit length and a variable capacitance per unit length.
The capacitance per unit length is assumed to depend at any point along the line on the voltage at that point, according to the simple relationship C = C 0 (l +
0)
It is further assumed that only three frequencies need be considered in analysing the performance of the line. These are the signal frequency, a> b the idling frequency, a> 2 , and the pump frequency, OJ 3 . This assumption is necessary if the analysis is to be reasonably tractable, and in certain circumstances can be justified theoretically if the pumping voltage is much larger than the signal voltage and the idling voltage, at least when the capacitance/voltage law is of the simple form described by eqn. (1) . The frequencies a>\, co 2 and a> 3 are related as usual by o>, + OJ2 = o> 3 (2)
We shall also neglect ohmic losses in the transmission line in the first instance, though attention will be given to this point later.
The transmission line equations, when C is variable, can be written 
The six terms in this equation contribute respectively the following frequencies: 0 and 2aij, 0 and 2co 2 , 0 and 2a> 3 , ajj + co 2 and OJ 2 -OJJ, a> 2 -f-o> 3 and w 3 -a>i, co 3 + co x and W3 -oo x .
The zero-frequency terms we may ignore. Of the rest, a> x + o) 2 = o>3, o>3 -o>2 = a>i, and a>3 -a>j = co 2 , so that these terms can clearly be accounted for in eqn. (7). In assessing the importance of the remaining terms, we have to take into account the frequency and the amplitude of each term. Thus, whilst terms like v 2 and v\ may justifiably be neglected in a first-order small-signal theory, it is preferable to retain the term of frequency u) x + co 2 arising from the product v x v 2 . The significance of this small term arises from the fact that its frequency is that of the pumping wave, by eqn. (2) . If it is ignored, the resulting equations fail to conserve power. The term of frequency a> 2 -co x arising from v x v 2 is, however, neglected. The remaining terms all involve v 3 , and cannot be neglected on grounds of small amplitude. However they are all of frequencies higher than cu 3 , namely 2a>3, <v 3 + c^i and co 3 + o» 2 , and if it is assumed that a low-pass filter of cut-off frequency co 3 is introduced appropriately at the termination, such frequencies will not appear in the output. Of course, they may have undesirable effects on the frequencies that do appear, particularly if they lead to instability and oscillation. Such effects are not considered here. They may well be important in practice, of course, but the increased complication of analysis needed to allow for them seems hardly justifiable at present, particularly in view of the highly over-simplified capacitance variation law which has been assumed.
When these various terms are neglected, we retain as the significant part of v 2 , written sig (v 2 ), the following:
in which the relationship ySj + j8 2 = jS 3 has again been employed, and in which iff is given by
We next substitute eqns. (7) and (11) When this is done, we can separate out terms of frequencies a) j, m 2 and u) 3 , and so we get three independent equations. Each of these three equations is further separable, since components in phase quadrature must be separated. Hence six equations are obtained. Using the relationship £" = ojju, these equations can be written as follows:
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A general solution of these equations will not be attempted; indeed it may not exist, for the equations are themselves only approximate, and we have not shown them to be mutually consistent. An approximate solution is, however, given in Section 3. The signal and idling wave amplitudes as given by eqns. For a long line, <x Q l will be large, and cosh a 0 / ~ £ exp a 0 /. Hence, an approximate gain formula, valid only if the gain is large, is Gain = (7-6 8 6 a 0 / -6) decibels . . . (27) This is reminiscent of the gain formula for a beam-type travelling-wave tube. In this case, however, only two waves are needed to satisfy the initial conditions, so the initial loss is only 6dB, whilst in the travelling-wave tube three waves are involved, and the initial loss is 20 log 10 3, or 9-54dB.
Let us now consider the bandwidth obtainable from a parametric travelling-wave amplifier. It follows from eqns. (24) and (2) that
. . . (24«)
Using suitably normalized frequencies this can be written
which is the equation of a circle, plotted in Fig. 2 . It should not be expected that this very wide-band performance will be realizable in practice with a periodically loaded line. Amongst other things, higher harmonics of the signal and idling frequencies and high-frequency intermodulation products may well lead to resonances in the short line sections separating the crystals at certain specific signal frequencies. These may lead to dips in the gain curve, and may also, more seriously, lead to instability. Experimental evidence is needed to establish the usable frequency range of an amplifier of this kind.* Eqn. (246) also shows that the dependence of gain on pumping frequency is parabolic, the signal frequency being fixed. This is shown in Fig. 3 . Thus, increasing the pumping frequency will always increase the gain per unit length. This consists of a diode-loaded transmission line. The equivalent circuit of the diodes is a capacitance in series with a resistance. It will be assumed that
This is not the optimum situation, for the gain per diode can be increased by increasing /?/. The inequality (34) leads to a much simpler analysis, however, for it is then possible to smooth out the diode loads into an equivalent distributed load. In doing this we replace the equivalent series circuit of a diode by the corresponding parallel circuit. Assuming (toCR) 2 < 1 the equivalent capacitance, parallel circuit are C p , and conductance, G, of the 
It will be assumed that the value of ct n in eqn. (39), though deduced for a single low-voltage wave of frequency co n , will still hold at least in the first approximation in the presence of two waves of different frequencies.
It will also be assumed that the transfer of power from the pumping wave to the signal and idling waves is substantially unchanged by a small amount of resistance in series with the non-Linear capacitance.
*£= + 7lP 2 sin
In terms of voltages, these equations can be written dx .
• (40) (41) (42)
It is assumed that the ohmic losses are small, and it is therefore permissible to neglect a, V x and oe. 2 • (46) It is easily verified that the appropriate solution (which is exact) is Thus, the maximum gain obtainable is that which would be obtained in the absence of losses by a line of length l/a 3 , other things remaining unchanged.
The validity of eqn. (50) depends, it must be remembered, on the inequalities set out in (43). As distance along the line increases, K 3 will decrease relative to V x and V 2 , partly because V x and V 2 are growing, but also because V 3 is decreasing owing to ohmic attenuation. The last inequality in (43) remains valid under these conditions, but ultimately the first two inequalities will be reversed, and the signal and idling waves must take the form
Thus, the limiting gain given by eqn. (52) will not be maintained indefinitely as x increases, and indeed it will not quite be realized in practice. There will in fact be an optimum length of line for maximum gain. Without making a detailed study, it seems reasonable to expect that this optimum length will lie between the length at which the optimum gain is almost realized, which we take as l/a 3 according to eqn. (50), and the length at which attenuation begins to become significant at the signal frequency in the absence of a pumping wave, which we take as I/a,. Hence, the optimum length of line is expected to be of the order (a 1 a 3 )~1'
2 . The maximum gain will be less than that predicted by eqn. (52) by an amount which increases as a! increases.
(6) SATURATION EFFECTS The foregoing Sections have all neglected the decrease in pumping-wave amplitude due to extraction of power from this wave to feed the growing signal and idling waves. This matter will now be considered, but to simplify the analysis, ohmic losses will be neglected.
We start with eqns. (14) and (16) together with the equation of conservation of power, which may be written
Eqns. (14) and (16) 
On physical grounds we know that the signal and idling waves cannot grow indefinitely, since there is only a finite amount of power available to feed them. The largest possible signal corresponds to the largest possible value of a.dx, and a maximum of I adx will be associated with the condition a = 0. 
Remembering that the signal power, P x , is given by In the same way, we find the value of P 2max to be o> 2 n -i.
max
Combining these equations,
Thus, at the position of maximum gain, the powers associated with the signal, idling and pumping waves satisfy the ManleyRowe relations. 4 Note that P 20 = 0, and that P 3 = 0 at the position of maximum gain. All the pumping power has been transferred to the signal and idling waves, the sharing-out being determined by the Manley-Rowe relations. The maximum power gain can easily be found explicitly from eqn. (61), and is
Having found a maximum value for ocdx, the question of the behaviour of P t for further increase in JC naturally arises. Also, we would like to know the value, l u of x at which this maximum occurs.
Differentiating eqn. (58) and simplifying, we get (D'^^fisinh2Jccdx .
. (62) If we assume that the maximum gain is small, so that j adx is always small, we can replace the sinh term by its argument, and get 
where l x = -Thus, we see that the position of the first maximum, l u moves towards the input end of the line as the input signal increases. This behaviour is reminiscent of that of a klystron, in which the first maximum of r.f. current in the beam moves towards the bunching cavity as the drive power is increased.
Rather surprisingly, eqn. (69) predicts that l x increases with increasing signal frequency. This is because the idling frequency, co 2 , decreases as the signal frequency, cuj, is increased. Hence j8 2 decreases, and so, according to eqn. (69), l x increases. It is particularly to be noted that l x is independent of K 30 under the assumed conditions of small maximum gain, depending only on the signal amplitude. For very small signal levels, l x becomes very large, and would greatly exceed the length of any practical amplifier, so that the periodic behaviour would then be unobservable. This is physically reasonable, for the amount of power extracted from the pumping wave will be very small under these conditions.
V«T«
DISTANCE ALONG LINE The general behaviour of the three waves, when periodic power transference occurs, is indicated by Fig. 6 .
The approximations made in deriving eqn. (68) 63) is to be reasonably satisfactory.
In most cases of practical interest, V l0 < K 30 so that, in effect, eqn. (68) can only be employed when jSj < j3 3 , i.e. when the signal frequency is much less than the pump frequency.
However, on physical grounds it seems likely that a periodic transference of power between the three waves will occur even when \ (TT)-^ greatly exceeds unity, and we will now study this case.
To do so, let us write y = 2 adx dx Substituting these in eqn. (62) we find
There is a one-to-one correspondence between this equation and the equation for the vibration of a mass restrained by a spring having a non-linear restoring force proportional to the It is physically obvious in this case that the motion will be periodic in time. It is also clear that the periodic time, r, will decrease as K increases, and also, for a given K, r will decrease as the amplitude of oscillation z max increases. The last result follows because the 'average stiffness' of the spring increases as the amplitude of oscillation increases.
Applying these qualitative results to the parametric amplifier, we see that the length of line, l u at which maximum gain occurs will be less than that predicted by eqn. (69) as V l0 increases.
r' 1
Furthermore, l x will also decrease as the maximum gainj ccdx increases, V l0 being held constant. This is equivalent to saying that /, will decrease as F 30 increases, with F 10 constant.
It is also of interest to compare eqn. (58) 
Considering first the mechanical system, we see that the total energy, W, is shared between kinetic and potential energy. When the kinetic energy vanishes, the potential energy has its maximum value, W.
The corresponding formula in the amplifier case gives an upper limit to the gain, and this is, in fact, eqn. (61) which we have already derived.
A more useful result is obtained by noting that the maximum kinetic and potential energies are equal, and using this to get an approximate frequency of oscillation, assuming a sinusoidal waveform to relate amplitude and velocity. When the corresponding calculation is carried through for the parametric amplifier, it leads to the following result for the length of line at which the first gain maximum occurs:
where l x is given by eqn. (69). The factor in square brackets is always less than unity, so that the distance of the first maximum from the input decreases with increase of gain. This is shown in Fig. 8 .
Finally, it is emphasized that the periodic transfer of power between signal and idling waves on the one hand and pumping wave on the other, discussed in this Section, occurs by quite a different mechanism from that discussed by Tien.
2 In Tien's paper, the periodicity arises from a deviation in the value of one of the phase coefficients, so that eqn. (8) is not satisfied.
In our case, it is assumed throughout that eqn. (8) is satisfied and the periodicity arises from the reduction in pumping power as the signal and idling waves grow, and from subsequent 
in, Ja
under small-gain conditions, and the maximum gain, <xdx. J o exchange of energy between these waves. In Tien's case, signals are assumed sufficiently small for the pumping wave to be substantially constant in amplitude.
(7) CONCLUSIONS Some factors influencing the performance of travelling-wave parametric amplifiers have been discussed. In particular, the practical significance of ohmic losses in limiting the maximum gain obtainable is discussed, and a saturation phenomenon of a periodic character is predicted when the signal power is comparable with the pumping power.
The need for experimental evidence is stressed, and experiments are now in hand which are designed to test the theoretical results of the paper. 
